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1. Introduction
Given polynomials A and B of degree n and n−1 respectively, the Heine–Stieltjes equation is the second-order differential
equation given by
A(x)φ′′(x) + B(x)φ′(x) + C(x)φ(x) = 0. (1.1)
If there exists a polynomial C of degree n − 2 for which (1.1) admits a polynomial solution φ, then C is called a Van Vleck
polynomial and φ is known as a Heine–Stieltjes polynomial. Note that for n = 2, (1.1) is the classical hypergeometric equation,
while for n = 3, it is commonly referred to as the Heun differential equation.
In this paper, we consider with Stieltjes the situation where A has only real, simple zeros α1 < · · · <αn , and we assume
that the residue ρ j of the rational function B/A at each α j is positive. In that context, Eq. (1.1) reduces to
φ′′(x) +
n∑
j=1
ρ j
x− α j φ
′(x) + C(x)
A(x)
φ(x) = 0. (1.2)
Last equation is usually known as the Lamé equation, and its polynomial solutions are called Lamé polynomials. For that
particular setting, Stieltjes [10,12] showed that there exist
σn,k := (n + k − 1)!
(n − 1)!k!
polynomials C(x) of degree n − 2 such that corresponding to each such C(x), Eq. (1.2) has a unique (monic) polynomial
solution φ(x) of degree k.
It is well known that the zeros of φ can be interpreted in terms of an electrostatic system [5]. Indeed, if we ﬁx n particles
of charge ρ j at sites α1, . . . ,αn and let k particles of unit charge to move freely along the real line, then the zeros of any
polynomial solution φ of (1.2) corresponds to a position of equilibrium of the system under the inﬂuence of a logarithmic
potential.
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ized Gaudin spin chains [6]. These consist of n − 1 explicit pairwise-commuting, second-order elliptic differential operators
Pα1 , . . . , P
α
n−1 acting on C∞(Sn−1) and deﬁned by
Pαk :=
∑
i< j
S i jk−1(α1, . . . ,αn)
(
xi
∂
∂x j
− x j ∂
∂x j
)2
, k = 1, . . . ,n − 1.
Here, Sijk denotes the kth elementary symmetric polynomial in α1, . . . ,αn with αi and α j deleted. In terms of sphero-conal
coordinates u1, . . . ,un−1 on the sphere Sn−1, the joint eigenfunctions ψ(u1, . . . ,un−1) of the Pαk ’s are of product form
ψ(u1, . . . ,un−1) =
n−1∏
j=1
|u j − α1|1/2 · · · |u j − αn|1/2φ(u j),
where φ is a polynomial solution satisfying the Lamé equation (1.2).
Since Pα1 = Sn−1 , the constant curvature spherical Laplacian, these eigenfunctions form a Hilbert basis of spherical
harmonics [13]. There has been a great interest over the last two decades to study the nodal sets of the joint eigenfunctions
of QCI both in the semi-classical limit (k → ∞) and in the thermodynamical limit (n → ∞). A nice exposition of some of
the existing results can be found in the survey article [7].
This naturally suggests to study the asymptotic behavior of the zeros of the Lamé polynomials. For instance, in [8,9] the
authors use the fact that the zeros are in positions of electrostatic equilibrium to derive their asymptotic properties in the
semi-classical limit.
In a series of papers [1–4], various results for the asymptotic distribution of the zeros in a “mixture” of thermodynamical
and semi-classical limit (k,n → ∞) were also obtained. In particular, we showed that the zeros satisfy a strong law of large
numbers. That is, if θ1(α), . . . , θk(α) are the zeros of some generic Lamé polynomials, then
1
k
k∑
i=1
θi(α) = 12 +O
(
n−1/2+δ
)+O(k−1/2+δ) (0< δ < 1/2) (1.3)
for Lebesgue almost every sequence {α j}∞j=1 ∈ [0,1]∞ . It is therefore natural to ask if the zeros of Lamé polynomials satisfy
a central limit theorem (CLT) as k,n → ∞.
2. Zeros of Lamé polynomials
In this section, we recall some basic facts about Lamé polynomials and introduce some notations. These are based on
the following classical result of Heine and Stieltjes [12, §6.8].
Theorem 2.1 (Heine–Stieltjes). Let α j and ρ j be as in (1.2). Given n nonnegative integers m1,m2, . . . ,mn such that k =m1 +· · ·+mn,
there exist unique Van Vleck and (monic) Lamé polynomials, C(x) and φk(x), such that φk(x) has exactly m j roots in the interval
(α j−1,α j) for 1 j  n. The roots of φk(x) are all simple, and there are exactly σn,k polynomial solutions φk(x) of (1.2) of degree k
corresponding to σn,k possible choices of n-tuple (m1, . . . ,mn).
Since (1.2) is invariant under translations and scaling, we can assume without loss of generality that α ∈ Λn where
Λn =
{
(α1, . . . ,αn): 0<α1 < · · · <αn < 1
}
.
Taking into account the Heine–Stieltjes result, we call the n-tuple m = (m1, . . . ,mn) a conﬁguration of zeros, and we call
|m| =m1+· · ·+mn = k the size of the conﬁguration. We denote the zeros of the Lamé polynomial of degree k corresponding
to the conﬁguration m by θ1(α;m) < · · · < θk(α;m). We also denote by l j the number of the interval in which θ j(α;m) lies
θ j(α;m) ∈ (αl j−1,αl j ) for j = 1, . . . ,k. (2.1)
Finally, we denote by Ωn,k the set of all possible conﬁgurations of size k, i.e.
Ωn,k =
{
m = (m1, . . . ,mn): |m| = k, mi ∈ N
}
,
and we say that the sequence {Σn,k} with Σn,k ⊆ Ωn,k is of full density if
lim
n,k→∞
|Σn,k|
|Ωn,k| = limn,k→∞
|Σn,k|
σn,k
= 1.
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We are now in position to present our ﬁrst central limit theorem satisﬁed by the zeros of Lamé polynomials. It is con-
venient to allow α to take values in [0,1]∞ rather than in Λn . For such an α, we take θi(α;m) to mean θ(α(1), . . . ,α(n);m)
where α( j) denotes the jth smallest term among the ﬁrst n component of α. Note that [0,1]∞ is a probability space for the
Lebesgue measure m.
Theorem 3.1. There exists a full density sequence {Σn,k}, Σn,k ⊆ Ωn,k, such that for any k conﬁgurations m1, . . . ,mk ∈ Σn,k:
m
{
α ∈ [0,1]∞: a
1
k
∑k
i=1 θi(α;mi)− 1/2
1/
√
12n
 b
}
= 1√
2π
b∫
a
e−x2/2 dx+O(n−1/2)+O(k−1/2)
as k,n → ∞.
Proof. We consider the probability space (Ωn,k,A,P), where A is the σ -algebra consisting of all ﬁnite subsets of Ωn,k , and
where P is the probability measure on Ωn,k derived from the normalized counting measure. That is, for any subset S ⊆ Ωn,k ,
we deﬁne
P(S) := |S|
σn,k
.
We also need to consider the probability space (Ωkn,k,Ak,Pk) where Pk = P×· · ·×P is the product measure on the cartesian
product Ωkn,k = Ωn,k × · · · ×Ωn,k with σ -algebra Ak =A× · · · ×A.
For any ﬁxed α ∈ Γ ∞ := {α ∈ [0,1]∞: αi = α j for any i = j}, we deﬁne the random variables Θ1, . . . ,Θk on the product
space Ωkn,k by
Θi
(
m1, . . . ,mk
) := θi(α;mi) (i = 1, . . . ,k, ni = 1, . . . , σn,k). (3.1)
The ﬁrst step of the proof consists of showing that the random variables Θ1, . . . ,Θk are independent on Ωkn,k . This is
an immediate consequence of the fact that any two distinct Lamé polynomials have no zero in common. Surprisingly, this
result does not appear anywhere in the vast literature on Lamé polynomials, so we now give a proof of it.
Lemma 3.2. Let φi, φ j be any two distinct Lamé polynomials. Then, φi and φ j have no common zero.
Proof. By assumption, the polynomials φi and φ j satisfy the Lamé equations given by
φ′′i (x)+
n∑
k=1
ρk
x− αk φ
′
i(x)+
C(x)
A(x)
φi(x) = 0, (3.2)
φ′′j (x)+
n∑
k=1
ρk
x− αk φ
′
j(x)+
D(x)
A(x)
φ j(x) = 0, (3.3)
for some Van Vleck polynomials C(x) and D(x) of degree n − 2.
We multiply (3.2) by φ j , (3.3) by φi and subtract the resulting equations to get
(
φ′′i (x)φ j(x)− φi(x)φ′′j (x)
)+ n∑
k=1
ρk
x− αk
(
φ′i(x)φ j(x)− φi(x)φ′j(x)
)+ C(x) − D(x)
A(x)
φi(x)φ j(x) = 0. (3.4)
We now divide (3.4) by φ2j and use the basic identity
φ′′i φ j − φ′′j φi
φ2j
=
(
φi
φ j
)′′
+ 2φ
′
j
φ j
(
φi
φ j
)′
to deduce(
φi(x)
φ j(x)
)′′
+
(
n∑
k=1
ρk
x− αk + 2
φ′j(x)
φ j(x)
)(
φi(x)
φ j(x)
)′
+ C(x) − D(x)
A(x)
(
φi(x)
φ j(x)
)
= 0.
Equivalently, we can write
2
φ′j(x)
φ j(x)
(
φi(x)
φ j(x)
)′
= −
(
φi(x)
φ j(x)
)′′
−
n∑ ρk
x− αk
(
φi(x)
φ j(x)
)′
+ D(x) − C(x)
A(x)
(
φi(x)
φ j(x)
)
. (3.5)k=1
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polynomial are simple and different from α1, . . . ,αn , it is easy to see that the left-hand side of (3.5) has a simple pole at θ
while the right-hand side of (3.5) has a removable singularity at θ . This yields a contradiction and complete the proof of
the lemma. 
It is now easy to prove that Θ1, . . . ,Θk are independent on Ωkn,k . By deﬁnition of independence, it suﬃces to show that
for any k conﬁgurations m1, . . . ,mk ∈ Ωn,k ,
Pk
{
Θ1 = θ1
(
α;m1),Θ2 = θ2(α;m2), . . . ,Θk = θk(α;mk)}= k∏
i=1
Pk
{
Θi = θi
(
α;mi)}. (3.6)
But this is an immediate consequence of Lemma 3.2 and the deﬁnition of Pk since both sides of (3.6) are easily seen to
be equal to (1/σ (n,k))k .
Next, we introduce for any α ∈ Γ ∞ the random variables Li and Ui on Ωkn,k deﬁned by
Li
(
m1, . . . ,mk
) := α(li ) and Ui(m1, . . . ,mk)= α(li+1)
where α(li) denotes the lith smallest term of the ﬁrst n components α1, . . . ,αn of α. As an immediate consequence of the
inequalities (2.1), we have
Li <Θi < Ui (i = 1, . . . ,k).
Lemma 3.3. There exists a subset S∞ ⊆ [0,1]∞ of full measure such that for every m1, . . . ,mk ∈ Ωn,k, and for a.e. α ∈ S∞ , the
estimate
k∑
i=1
[
Ui
(
m1, . . . ,mk
)− Li(m1, . . . ,mk)]2 =O
(
k
n3/2
)
holds.
Proof. Let m1, . . . ,mk be any k conﬁgurations in Ωn,k and let
Sn =
{
α ∈ [0,1]∞:
k∑
i=1
[
Ui
(
m1, . . . ,mk
)− Li(m1, . . . ,mk)]2 =O
(
k
n3/2
)}
=
{
α ∈ [0,1]∞:
k∑
i=1
[α(li+1) − α(li)]2 =O
(
k
n3/2
)}
.
From the Chebyshev’s inequality applied to SCn , the complement of Sn in [0,1]∞ , it follows that
m
(
SCn
)
O
(
n3/2
k
) k∑
i=1
∫
[0,1]n
[α(li+1) − α(li)]2 dα.
Here, we used the fact that the sum
∑k
i=1[α(li+1) −α(li )]2 does not depend on αi for i  n+1 in order to reduce the integral
over [0,1]n . Since the sum is invariant under permutations, we also obtain
m
(
SCn
)
O
(
n3/2
k
) k∑
i=1
n!
∫
Λn
[α(li+1) − α(li)]2 dα
where Λn := {α ∈ [0,1]n: α1 < · · · <αn}.
A straightforward computation involving iterated integrals yields
∫
Λn
[α(li+1) − α(li)]2 dα1 · · ·dαn =
1∫
0
αn∫
0
· · ·
α2∫
0
[α(li+1) − α(li)]2 dα1 · · ·dαn−1 dαn =
2
(n + 2)! .
Thus, we obtain
m
(
SCn
)=O(n3/2
k
) k∑ 2
(n + 1)(n + 2) =O
(
n−1/2
)
.i=1
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S∞ =⋂∞n=1 Sn , we obtain
m
(
SC∞
)= lim
n→∞m
(
SCn
)= lim
n→∞O
(
n−1/2
)= 0.
This completes the proof of the lemma. 
Lemma 3.4.We have that
1
k
k∑
i=1
E[Θi] = 1
n
n∑
j=1
α j +O
(
n−1
)
for Lebesgue a.e. α ∈ [0,1]∞ .
Proof. First, the result of Proposition 2.1 in [4] tells us that
1
k
k∑
i=1
1
σn,k
∑
|m|=k
θi(α;m) = 1
n
n∑
j=1
α j +O
(
n−1
)
(3.7)
for Lebesgue a.e. α ∈ [0,1]∞ . On the other hand, by deﬁnition of the expectation on Ωkn,k , we have
1
k
k∑
i=1
E[Θi] = 1
k
k∑
i=1
∑
|m|=k
θi(α;m)Pk
{
Θi = θi(α;m)
}
.
In Lemma 3.2, we showed that any two distinct Lamé polynomials cannot have a common zero. Consequently, the
deﬁnition of the probability measure Pk implies that
Pk
{
Θi = θi(α;m)
}= (σn,k)k−1
(σn,k)k
= 1
σn,k
for every j = 1, . . . , σn,k . Hence, we obtain
1
k
k∑
i=1
E[Θi] = 1
k
k∑
i=1
1
σn,k
∑
|m|=k
θi(α;m). (3.8)
The conclusion of the lemma then follows from (3.7) and (3.8). 
Lemma 3.5. There exists a subset Σn,k ⊆ Ωn,k of density one such that for every m1, . . . ,mk ∈ Σn,k, the following estimate:
1
k
k∑
i=1
θi
(
α;mi)− 1
n
n∑
j=1
α j =O
(
k−1/2n−1/2
)+O(n−1) (3.9)
holds for Lebesgue a.e. α ∈ [0,1]∞ .
Proof. Recall the inequalities (2.1) and the deﬁnitions of the random variables Li,Ui imply that
Li <Θi < Ui
for all i = 1, . . . ,k. We can then apply Hoeffding’s inequality as given in [11] to deduce for any α ∈ S∞ with S∞ as in
Lemma 3.3 that
Pk
{
1
k
k∑
i=1
(
Θi − E[Θi]
)
> a,
1
k
k∑
i=1
(Ui − Li)2 < c2
}
 e−2a2/c2 . (3.10)
It then suﬃces to take a = 1/√kn and c2 = k/n3/2 in (3.10) to obtain
Pk
{
1
k
k∑
i=1
(
Θi − E[Θi]
)
>
1√
kn
}
 e−2
√
n. (3.11)
Estimate (3.9) is then an immediate consequence of (3.11) and Lemma 3.4. 
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Σn,k , the estimate (3.5) allows us to replace the sum
1
k
∑k
i=1 θi(α;mi) by 1n
∑n
j=1 α j in the computations below. More
precisely, we have
1
k
∑k
i=1 θi(α;mi)− 12
1/
√
12n
=
1
n
∑n
j=1 α j − 12
1/
√
12n
+O(n−1/2)+O(k−1/2)=
∑n
j=1 α j − n2√
n/12
+O(n−1/2)+O(k−1/2). (3.12)
Based on this, we easily deduce that for any real numbers −∞ a < b∞ and any conﬁguration m1, . . . ,mk ∈ Σn,k
m
{
α: a
1
k
∑k
i=1 θi(α;mi)− 12
1/
√
12n
 b
}
= m
{
α: an,k 
∑n
j=1 α j − n2√
n/12
 bn,k
}
(3.13)
where an,k = a +O(n−1/2)+O(k−1/2) and bn,k = b +O(n−1/2)+O(k−1/2).
Next, we use the fact that the α j ’s are independent, uniformly distributed random variables over [0,1]n . The mean of α j
is equal 1/2 and the variance of α j is equal to 1/12. The Berry–Esséen Theorem [14] applied to α1, . . . ,αn yields
m
{
α: an,k 
∑n
j=1 α j − n2√
n/12
 bn,k
}
= 1√
2π
bn,k∫
an,k
e−x2/2 dx+O(n−1/2). (3.14)
Combining (3.13) and (3.14), we ﬁnally obtain
m
{
α: a
1
k
∑k
i=1 θi(α;mi)− 12
1/
√
12n
 b
}
= 1√
2π
b+O(n−1/2)+O(k−1/2)∫
a+O(n−1/2)+O(k−1/2)
e−x2/2 dx+O(n−1/2)
= 1√
2π
b∫
a
e−x2/2 dx+O(n−1/2)+O(k−1/2)
as k,n → ∞. This completes the proof of Theorem 3.1. 
Remark. As pointed out by the referee, the proof of Theorem 3.1 naturally suggests that a similar CLT holds for the more
general situation of choosing independently k points in n contiguous intervals. As a consequence of Lemma 3.2, our CLT for
the zeros of Lamé polynomials is then a special case of this more general setting. The reason why we preferred to present
this special case rather than the more general situation is its connection to our previous paper [4] and the general interest
in the asymptotic distribution of zeros of QCI.
4. Central limit theorem II
In our ﬁrst CLT, the zeros were randomly chosen from different Lamé polynomials. It is therefore natural to ask if one
can prove a CLT for the zeros of a single Lamé polynomial under some generic conditions similar to those of Theorem 3.1.
We now assume that k ∼ n, more precisely k/n = 1+O(n−1/2−δ) for any 0< δ < 1/2. We denote by Γn,k be the subset
of Ωn,k given by
Γn,k =
{
m = (m1, . . . ,mn) ∈ Ωn,k:
∣∣{m1, . . . ,mn}∣∣= Ω(n1−δ)}.
In other words, the conﬁguration m is in Γn,k if and only if {m1, . . . ,mn} has at least n1−δ distinct elements. By the Heine–
Stieltjes Theorem we obtain for any m ∈ Γn,k ,
1
k
k∑
i=1
θi(α;m) = 1
k
n∑
j=1
α(l j) +O
(
n−1
)= 1
n
n∑
j=1
α j +O
(
n−δ
)
,
and consequently,
1
k
∑k
i=1 θi(α;m)− 1/2
1/
√
12n
=
1
n
∑k
j=1 α j − 1/2
1/
√
12n
+O(n−δ)
for a.e. α ∈ [0,1]∞ . As before, we can use the fact that the α j ’s are i.i.d. uniform random variables on [0,1] to obtain the
following CLT.
A. Bourget / J. Math. Anal. Appl. 344 (2008) 1029–1035 1035Theorem 4.1. Assume that k/n = 1+O(n−1/2−δ). Then, for any conﬁguration m ∈ Γn,k, we have
m
{
α: a
1
k
∑k
i=1 θi(α;m)− 1/2
1/
√
12n
 b
}
= 1√
2π
b∫
a
e−x2/2 dx+O(n−δ)
for any −∞ a < b∞.
Although, |Γn,k| gets arbitrary large as n → ∞, as a matter of fact one can use Stirling’s formula to show that |Γn,k| =
Ω(n
√
n), it is easy to verify that Γn,k has zero density, i.e.
|Γn,k|
|Ωn,k| → 0 as n → ∞.
Unfortunately, we were unable to construct a subset of Ωn,k of positive density for which a CLT holds. Therefore, it would
be of interest to determine if such a subset exists or not. We hope to address these questions in future works.
Acknowledgment
I would like to thank the referee for his helpful comments.
References
[1] A. Bourget, Pair correlations statistics for the zeros of Lamé polynomials, Math. Phys. Anal. Geom. 8 (4) (2005) 287–298 (2006).
[2] A. Bourget, Sums of zeros of Van Vleck polynomials, Asymptot. Anal. 48 (3) (2006) 235–242.
[3] A. Bourget, J.A. Toth, Asymptotic statistics of zeroes for the Lamé ensemble, Comm. Math. Phys. 222 (3) (2001) 475–493.
[4] A. Bourget, D. Jakobson, M. Min-Oo, J.A. Toth, A law of large numbers of Heine–Stieltjes polynomials, Lett. Math. Phys. 64 (2) (2003) 105–118.
[5] D.K. Dimitrov, W. Van Assche, Lamé differential equation and electrostatics, Proc. Amer. Math. Soc. 12 (128) (2000) 3621–3628.
[6] J. Harnad, P. Winternitz, Harmonics on hyperspheres, separation of variables and the Bethe ansatz, Lett. Math. Phys. 33 (1995) 61–74.
[7] D. Jakobson, N. Nadirashvili, J. Toth, Geometric properties of eigenfunctions, Russian Math. Surveys 56 (6) (2001) 1085–1106.
[8] A. Martinez-Finkelshtein, P. Martinez-Gonzales, R. Orive, Asymptotic of polynomial solutions of a class of generalized Lamé differential equations,
Electron. Trans. Numer. Anal. 19 (2005) 18–28 (electronic).
[9] A. Martinez-Finkelstein, E.B. Saff, Asymptotic properties of Heine–Stieltjes and Van Vleck polynomials, J. Approx. Theory 118 (1) (2002) 131–151.
[10] T.J. Stieltjes, Sur certains polynômes que vériﬁent une équation différentielle linéaire du second ordre et sur la théorie des fonctions de Lamé, Acta
Math. 6 (1885) 321–326.
[11] S.A. van de Geer, On Hoeffding’s inequality for dependent random variables, in: Empirical Process Techniques for Dependent Data, Birkhäuser Boston,
Boston, MA, 2002, pp. 161–169.
[12] G. Szegö, Orthogonal Polynomials, vol. 23, third ed., Amer. Math. Soc., Providence, RI, 1967.
[13] H. Volkmer, Expansions in products of Heine–Stieltjes polynomials, Constr. Approx. 15 (4) (1999) 467–480.
[14] S.R.S. Varadhan, Probability Theory, Courant Lect. Notes Math., vol. 7, New York University, Courant Institute of Mathematical Sciences/Amer. Math.
Soc., New York/Providence, RI, 2001.
